TUW-12-11 



(N 



On semiclassical four-point correlators in AdS§ x S [ 

D. Arnaudov* and R. C. Rashkov^'** 

* Department of Physics, Sofia University, 
5 J. Bourchier Blvd, 1164 Sofia, Bulgaria 



' Institute for Theoretical Physics, 
^ Vienna University of Technology, 

£ Wiedner Hauptstr. 8-10, 1040 Vienna, Austria 

i— » 

Abstract 

i -^h Following the recent advances in the holographic calculation of re-point corre- 

^ ^ lation functions with two "heavy" (with large quantum numbers) states at strong 

(jj coupling, we extend these findings by computing subleading four-point functions 

of two heavy and two "light" (supergravity) operators in Af = 4 SYM. We also 

investigate specific correlators of four heavy BMN states. 

> 

m 

^ 1 Introduction 

(N 

The attempts to establish a correspondence between the large N limit of gauge theories 
and string theory have a long history. Relatively recently an explicit realization of such a 
duality was provided by the Maldacena conjecture about AdS/CFT correspondence [T]. 
The great number of convincing results from the duality between type IIB string theory 
^ on Ad S$ x S 5 and Af = 4 super Yang-Mills theory [H El [3] made this subject a major 

research area, and many fascinating new features have been established. 

One of the results of this duality is the relation between planar correlation functions 
of single-trace conformal primary operators in the boundary gauge theory and correla- 
tors of corresponding closed-string vertex operators on a worldsheet with the topology 
of S 2 . Let us start with the study of a correlation function with two heavy vertex op- 
erators (with large quantum numbers of the order of the string tension) and a number 
of light vertex operators (with quantum numbers and dimensions of order one). Then 
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the large a/X behavior of correlators of such operators is determined by a semiclassical 
string trajectory governed by the heavy operator insertions, and with sources provided 
by the vertex operators of the light states. The exact procedure is the following. First 
we find the classical string solution that determines the leading large \/A contribution to 
the two-point function of the heavy operators. Second we calculate the full correlator by 
evaluating the product of light vertex operators on this solution. 

This semiclassical approach was developed for the calculation of two-point functions 
in |1]-[S]. An extension of this method to certain three-point correlators was discussed in 
[9j 18] , and elaborated in [10J [11] , where the heavy operators corresponded to a semiclassical 
string state with large R-charge and the light operator represented a BPS state - massless 
(supergravity) scalar or dilaton mode. A more refined approach based on vertex operator 
insertions was put forward in [12J. Further developments can be traced in subsequent 
papers p3]-[3T]. At present the main efforts of the researchers worldwide are concentrated 
on the calculation of three-point functions of three heavy operators [32]-[38j. 

Parallel to these advances, an extension to four-point functions was initiated in [39| HQ] 
and various correlation functions were computed. Furthermore, comparison with results 
from the gauge theory side was provided. Motivated by these studies, in the present paper 
we consider the subleading contributions to particular four-point correlation functions of 
two heavy BMN operators and two light chiral primary operators from the point of view 
of string theory in AdS^ x S 5 . Thus we extend the findings of [391 HO]- We also examine 
particular four-point correlators of four heavy BMN operators, represented by an exchange 
diagram involving a chiral primary operator (CPO). 

The paper is organized in the following way. To explain the method, in the next 
section we give a short review of the procedure for calculating semiclassically n-point 
correlation functions via vertex operators. Next, we proceed with the computation of 
subleading four-point correlators of two BMN operators and two CPOs. Furthermore, we 
investigate the leading contribution to four-point functions of four BMN operators. We 
conclude with a brief discussion on the results. 



2 Correlation functions with two heavy operators 

First we will review the case of two-point correlators. In the leading semiclassical ap- 
proximation they are determined by the corresponding classical string solution [6] [9]. If 
Vzn(£i) an d Vff 2 (£ 2 ) are the two heavy vertex operators inserted at points £i and £ 2 on 
the worldsheet, the two-point function for large string tension (\/A ^> 1) is given by the 
stationary point of the action 

(Vffi(fi)Vff2(6)> ~ e- 1 , (2.1) 
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where / is the action of the AdS$ x S 5 superstring sigma model in the embedding coor- 
dinates 



I d 2 i (dY M dY M + dX k dX k + fermions) , 



(2.2) 



Y M Y M 



-Y n 2 - YJ + Y{ + Y 2 + Yo + Y 2 = -1 



XkXk — x\ 



We work in conformal gauge and use a worldsheet with Euclidean signature. The 2D 
derivatives have the following form d = di + 182, 8 = 8± — 182- The relation between the 
embedding coordinates, and the global and Poincare coordinates of AdS$ that we will 
need below is 



Y5 + iYq = cosh p e lt , Y\ + 1Y2 = sinh p cos 6 e 1 ^ 1 , Y3 + 1Y4 = sinh p sin 9 e 



l(i>2 
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:-i + z 2 + x m x r , 



Y R 
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Yz 



'l + z 2 + x m x r 



(2.3) 



where x m x m = —x^ + XiXi (m = 0, 1, 2, 3; i — 1, 2, 3). However, our approach necessitates 
the use of the Euclidean continuation of AdS*> 



t e — it , Y 0e 



so that Y M Y M 



-Y 2 + Yl + + Yl 



iY . 
-1. 



^Oe 



2£ 



(2.4) 



The stationary point solution solves the string equations of motion with singular 
sources provided by Vhi(£i) and Vj^fe)- Making use of the conformal symmetry of 
the theory, it is possible to map the £-plane to the Euclidean cylinder parameterized by 

e Te+iCT = f— ^ . (2.5) 

Under this conformal map the singular solution on the £-plane transforms into a smooth 
classical string solution on the cylinder [6, 7, 8J. The new solution has the same quantum 
numbers as the states represented by the vertex operators, so that no information is lost. 

The discussion above can be repeated for a physical integrated vertex operator labeled 
by a point x on the boundary of the Poincare patch of AdS$ pfl |6] 



Vh(x) 



j d 2 £V^(£;x), V H {i-^)=V H {z^),x{i)-^X k {i)). 



(2.6) 



The two-point function (V hi(xi)V mfa)) is determined in a similar fashion by the clas- 
sical action evaluated on the stationary point solution. After applying the conformal 



map to the cylinder (2.5) we obtain a smooth solution that is actually the corresponding 



solitonic string solution in terms of Poincare coordinates which satisfies the boundary 
conditions [H] 



T e — > —OO 



z — > , x — > xi 



t £ — y +00 =>- z^O, x -¥ x 2 . (2.7) 
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As was shown in [12] , the semiclassical three-point correlators with two heavy and one 
light operators are of the form 



G 3 ( Xl ,x 2 ,x 3 ) = (V H i(x 1 )V fl2 (x 2 )Vr(x 3 )> (2.8) 
= J X?X M e- 1 j d%d%d%V m ^ 1] x 1 )V H2 ^ 2 -x 2 )V L ^ 3 -x 3 ), 

where j DX M is the integral over (YM,Xk). In the stationary point equations the contri- 
bution of the light operator can be neglected, so that the solution coincides with the one 
in the case of the two-point function of the two heavy operators. Thus we obtain [T2] 



G , 3 (xi,x 2 ,x 3 ) 



d 2 £ V L {z(Z),x{0-xa,X k {Z)) 



(2.9) 



G? 2 (xi,x 2 ) 

where (z(£),x(£),Xk(£)) stands for the corresponding string solution with the same quan- 



tum numbers as the heavy vertex operators, transformed to the £-plane by (2.5). Taking 
account of the fact that J d 2 a = dr e J Q 27r da, we can also represent (2.9) in terms of 
the cylinder 

G f 

= d 2 a V L (z(r e ,a),x(T e ,a) - x 3 ,X k (r e ,a)) . (2.10) 

The global conformal 50(2, 4) symmetry fixes the two- and three-point correlation 
functions (assuming that V# 2 = Vm) 



G 2 {xi,x 2 ) 



G 3 (xi,X 2 ,X3) 



C\ 2 5ai,a 2 



X 



A1+A2 

12 



X ij — J X^ Xj j , 
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X 



12 
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(2.11) 
(2.12) 



13 



v 23 



where Aj are the scaling dimensions of the operators. With a proper choice of Xj one can 
remove the dependence on x^ in (2.10), and use (2.10) to compute the structure constants 



C123 [12] ■ Presuming that Ai = A 2 , we find after setting C\ 2 = 1 in (2.11) that 



G 3 (xi,x 2 ,x 3 = 0) 
G 2 (xi,x 2 ) 



C 



[23 



Xl2 



X l X 2 



A3 



(2.13) 



The leading contribution to the four-point functions of two heavy and two light oper- 
ators is provided by 

G 4 (x 1 ,x 2 ,x 3 ,x 4 ) = (V m (x 1 )V H2 (x 2 )V L1 (x 3 )V L2 (x 4 )) (2.14) 
= J VX M e- 1 J d 2 ^d 2 ^ 2 d 2 ^d 2 U V m (^^i)V H2 ^ 2] x 2 )V L1 (^,x 3 )V L2 (^,x 4 ). 
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The semiclassical trajectory being the same, G4 is determined by the product of the light 
operators on the solution 

G , 4 (xi,x 2 ,x 3 ,x 4 ) _ 

G 2 (xi,x 2 ) 



(2.15) 



Transforming to the (r e , a)-coordinates we get 
G~2 



J d 2 ad 2 a' V L1 (z(T e ,a),x(T e ,a)-x 3 ,X k (T e ,a)) V L2 (z(T' e ,a'),x(T' e ,a')-x 4 ,X k (T' e ,a')) . 

(2.16) 



3 Subleading four-point functions at strong coupling 

In this section we will consider the subleading contribution depicted on fig. [I] to the four- 
point correlator of two heavy BMN operators and two chiral primary operators (CPO) in 
M = 4 SYM. The semiclassical string trajectory is determined by the string solution in [8] 
for generic positions of the heavy vertex operators. We will provide leading corrections 
to results in 




Figure 1: Subleading Witten diagram for the four-point function of two heavy and two 
light states. 

The large-spin gauge theory operators in the correlation functions we will consider 
are dual to point-like strings with spin J in S 5 |8|. Nevertheless, here we start with 
generic positions xi = — x 2 of the heavy operator insertions. The corresponding Euclidean 
stationary point solution is 



' x oe = tanh(ftT e ) , Xi — , cp — —iKT e , k = —= , (3.1) 



2coslM>r e )' ue 2 " y ' eJ ' 1 ' ^ e ' VX' 

where tp is a coordinate of S 5 . Ignoring for now any contribution from the light operators, 
we denote the respective heavy vertex operator as Vj, with V_j = V}. The two-point 
function of such operators looks like [TJ [S] 

(V_j( X i)Vj(x a )> = , Ax = A 2 = J . (3.2) 

12 



x 



1 We choose the points xi and X2 to lie on the xo e -axis. 
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The massless string state corresponding to the CPO originates from the trace of the 
graviton in the S 5 directions (3U H2]. Building on results in JTU1 S3], we conjecture that 
the bosonic part of the respective light vertex operator has the following forrrj^] 

V[(z,x) = V A (CPO \z,x) = c A A( Zj x;x 3 ,x 4 ) e ijv [z- 2 (dx m dx m - dzdz) - dX k dX k ] . (3.3) 

Here X3 and X4 (X3 < X4) are the positions of the CPOs with scaling dimensions A3 and 
A 4 on the boundary, and jH] 

r d^yj 

A(z,x;x 3 ,x 4 ) = —^G A (z,x;w)K A3 (w,x 3 )K Ai (w,x i ), (3.4) 

JH w 

where G A denotes a CPO bulk-to-bulk propagator and K A is a CPO bulk-to-boundary 
propagator. The normalization constant c A of the CPO is [TQl 



a A = Cj = 3— ^(j + l)\/7- (3.5) 



The light gauge theory operator is TrZ J with conformal dimension A = j > 2. 

The subleading four-point functions differ significantly from the ones described in sec- 
tion 2. There four-point correlators were given in terms of products of three-point func- 
tions. In the present considerations the bulk-to-bulk propagator entering (3.3) through 
(3.4) introduces severe computational difficulties. More specifically, the four-point corre- 
lator assumes the explicit form [H] 

G 4 (xi ,x 2 ,x 3 x 4 ) =g _ r ^ A ^ jX; ^^ )e w^-2 (aXm ^ m _^ ) _ 9Xfc g Xfc ] j (3 6) 

(j-2(Xl,X 2 J J 

^ *>• ^ = (f^7 ^ 2 " 2; ! - i) , A 34 = A 3 - A 4 , 

(3.7) 



where 



x 34 z 



C - 7-5 ; ; 7- ; „ • ( 3 - 8 ) 



+ arjlz 2 + (2 + X34 



Evaluated on (3.1), (3.6) can be expressed as 

G, 4,2^ f- 2*1 2 - 2; 1 - 

G 2 ~ xf 2 -x^ }-J Te cosh A -^( KTe ) • ^- yj 

In order to calculate the integral we consider extremal correlators. Thus we will get 
relations among A, A 3 and A 4 . First, let us concentrate on the simplest case A — A 34 = 0. 
Then the integral simplifies enormously 

G 4 _ AirVdjK 2 r°° , e jKTs 



G 2 xi 2 x^ 4 7-oc e cosh J+2 ( 



dr e -. (3.10) 



\kt p . 



2 We ignore derivative terms that will not influence the calculation below since we work with xi = — X2 . 
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We change the variable nr e — > r e , and obtain 

G 4 Btt4PcjK 4PJy/j 



which leads to the following expression for the four-point function 



(3.11) 



G 4 ( Xl) x 2) x 3) x 4 ) - NAi+] ^ A - Nx ^ + A 2x A i+Ai {-) , (3-12) 



which conforms to the required form of a four-point correlator. In the case of j = 2 we 
obtain _ 

' X34 



1QV2J fx u \ 2 
G 4 (x 1 ,x 2 ,X3,x 4 ) = Ar Al+A2 a 3+A4 ( — ) • (3.13) 



Now let us consider the channel A + A 34 = 0. In this case the integral assumes the 
following form 

G 4 _ Attcjk 2 f°° z A e jKT * 

G~2 ~ J-oc Te [z 2 + (x + x 34 ) 2 ] A cosh 2 ( K r e ) • ( - } 

We change the variable kt € — > r e , and obtain 

G ± = ^c 2 nr dr e- 

G 2 x 12 J x 2A3 7_oo 6 cosh J+2 (r e ) [xj 2 + 4x 2 4 + 4x 12 x 34 tanh(r e )p 

Again we change the integration variable r e — > e 2re = s 



G 4 _ 8ttCjk(1 -ri) j f°° s j __ (x i2 - 2x. 



\2 



G 2 2^/+^ 7 rfS (l + S ) 2 (^ + ^" 77 " (x| 2 + 2x^)2 • (3 - 16) 

This integral can be calculated in a convenient way via differentiation by r/^ 1 . The final 
result is 

G 4 87idjnj ( i] -J-^ (1 — i]) k (1 — rjY rjlnr] 



^2 1 X 34 V '/ fe= i 



N i-^ fc + j + i-W' ( J 

In other words 



G 4 



i — 77 ^ fc ? i — 97 y 



AT2^x A 2 1+A2 x A 1 3+A4 \^1 - 77 ^ k j I — 77 



This expression indeed bears all the expected characteristics of a conformal four-point 
function. The presence of only one cross-ratio is explained by the fact that the positions 
of boundary operators are heavily constrained. For the simplest case of j = 2 we get 

3\/2J fl + r) r]liir] 



G^xa.xa,*) = ^Ai+a^+a, [~ + ~ v ) ■ (3-19) 
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4 Four-point functions of heavy BMN states 

In this section we will consider particular constrained four-point correlators of four heavy 
BMN operators corresponding to the string solution in [8] for generic positions of the 
heavy operator insertions. The correlation function can be thought of as two two-point 
correlators connected with a light bulk-to-bulk propagator (see fig. [2]). We will follow the 
spirit of the calculations presented in [39] . 



Figure 2: Witten diagram for the four-point function of four heavy BMN states. 

The large-spin gauge theory operators in the correlator at hand are dual to the point- 
like in AdS strings with one angular momentum in S 5 [8]. The positions of the heavy 
operators on the boundary are chosen in the form Xj = — X4 and X2 = — X3. The cor- 
responding Euclidean stationary point solutions for the two semiclassical propagators in 
fig. g are [390 

M XQe = "TP tanh(Kr e ) , Xi = , (pi = — lKT e , K = , (4.1a) 



2cosh(/tr e ) 2 ' ' ' y/\ 

x' 0e = tanh(/«Vg) , x'i — , (p[ = —idr' e , k' = , (4.1b) 



" 2cosh(«'7^)' ue 2 v e/ ' 1 ' ri e ' ^ 

and we assume without loss of generality that Xx4 > X23. We denote the respective heavy 
vertex operators as Vj and Vji, with V_j = V} and V_j/ = V},. The two-point function 
of such operators can be calculated [TJ [S] 

(V_j( Xl )Vj(x4)) = , (V_ j; (x2)V J ,(x 3 )) = ^( 7 7y, A(J) = J, A(J') = ^- 

X 14 X 23 

(4.2) 

In order to obtain the four-point correlator we need to join two two-point functions 
with a light state. We choose the light operator to be the chiral primary operator. The 
bosonic part of the corresponding supergravity "vertex" operator is conjectured to have 



3 We choose the points Xj, i = 1, . . . , 4, to lie on the £oe-axis. 
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the following form 

V L (z,x;z',x') = V { £ PO \z,x;z',x') = c 2 A G A {z, x; z', x') X J X'~ j C £' , A = j, (4.3) 
2- A (A-l)C A /A A + l \ 2^ 

X = X x + iX 2 = sin 7 cos V e^ 1 , X' = X[ + iX 2 = sin 7' cos if/ e Vl , 

£ = 9XmBXm ~ ^ - dX k BX k , C = Mm^-MM _ & B , 

z 1 z' 1 



where the normalization constant ca of the CPO is given again by (3.5). The four-point 
correlator assumes the form 



G 4 (xi,X 2 ,X 3 ,X 4 ) 
G 2 (xi,X 4 )G" 2 (x 2 ,X 3 ) 



/^'vr°W;*V). (4.4) 



Evaluated on (4.1), it can be presented as 

G4 2 2 2 , f°° f°° , G A e^ KTe " K ' T ^ 

G 2 G' 2 3 J_ 00 j-oo e cosh 2 (kt £ ) cosh 2 (k't,Q 

It can be shown that the bulk-to-bulk propagator for the CPO can be expressed in terms 
of elementary functions in the following way 

Ca= em -a-* +^3 . (4 . 6) 

Let us change the integration variables from r e and r' e to y = tanh(/«r e ) and y 1 = 
tanh(/«'rg). Then (4.5) becomes 

c « - w r * r « (i ^ ),(i ;f ,)j ,. (i :, c : ri/2 ^ 2 .. , (4.7) 



G 2 G' 2 1 y_! (l-wz/') j (1-C 2 )(1 + ^W 2 ^' 

where we have introduced 

2xi 4 x 23 

?7 = -3 2" • 

x 14 + X 23 

We finally obtain for the four-point correlator 

^ = 2c)KK'rf j 1 dy jf <V [Jx + (j - 2)/ 2 ] , 

j (1 + - - W) r _ (1 + - y'Y 



p3/2(! _ + v Ap)i"2 ' p(! _ m y> + y/py-2 ' 

where P = rf{y 2 + y' 2 ) — 2r\yy ! + 1 — rf. If we choose for simplicity j = 2, we will get 

G 4 (xi, x 2 , x 3 , x 4 ) = 2 ^jf' J 2 l 2 (J0 , (4.9) 



X 14 X 23 
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where 



Cj,j',2 = 2c\nK'r} 2 




15tt 2 N 2 



9 J J' 



(2x-l)(3x-l) (3 X -2)ln X \ 

2% x-i r 



X = 



(X14 ~ X 23 ) 2 

(x 14 + x 23 ) 2 ' 



(4.10) 



5 Conclusion 

The duality between gauge and string theories passed through many crucial developments 
over the last years. The AdS / CFT correspondence has achieved impressive results about 
the anomalous dimensions of gauge theory operators, integrable structures, etc., and 
various properties of gauge theories at strong coupling have been established. One of the 
main challenges ahead is to find efficient methods for calculation of correlation functions. 

Although the three-point correlator of three heavy operators is not yet fully under- 
stood [32] [37], we have discovered a lot about the behavior of correlation functions con- 
taining two heavy and one light states at strong coupling JTUJ [H]|^] Using the trajectory 
for the correlator of two heavy operators [51 E] , the authors of [12] put forward an approach 
based on insertion of vertex operators. The same method applies also to higher n-point 
correlation functions with 2 heavy and n — 2 light operators. Namely, the semiclassical 
expression for the n-point correlator should be given by a product of light vertex operators 
evaluated on a worldsheet surface governed by the heavy operator insertions. 

In the present paper we consider string theory on AdSc, x S 5 and compute subleading 
four-point functions at strong coupling, applying the ideas of [12J for calculation of corre- 
lators with vertex operators. We examine the method in the case of two BMN operators 
and two light CPOs. Moreover, we investigate specific four-point correlation functions of 
four string (BMN) states at strong coupling. We provide a number of limiting cases. Our 
considerations extend the results presented in [3H1 |4*U] . 

There has been also development in the computation of three- and four-point corre- 
lation functions with heavy operators via integrability techniques [15]-[5T]. It would be 
very interesting to see if our results can be obtained in such a way from the gauge theory 
point of view. 
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